Introducing a regularization scheme, we derive a set of equations for the rapidities of the singular solutions, whose distinct and self-conjugate solutions produce Bethe eigenstates. We obtain singular eigenstates and their corresponding eigenvalues of the transfer matrix of the spin-1/2 XXX chain. For an even length spin-1/2 XXX chain, we show that the singular solutions {λα} are invariant under the sign changes of their rapidities, {λα} = {−λα}. For odd N length spin-1/2 chain in the three down-spin sector, it has been analytically shown that there exist singular solutions in any finite length of the spin chain of the form N = 3 (2k + 1) with k = 1, 2, 3, · · · . It is also shown that there exist no singular solutions in the four down-spin sector for some odd length spin-1/2 XXX chains.
which is satisfied only by the physical singular solutions (i.e. the solutions which do produce the Bethe eigenstates and their corresponding eigenvalues). We note that in the standard approach for solving the algebraic Bethe ansatz there is an implicit assumption that no Bethe roots contain rapidities of the form ±i/2. As mentioned above, the presence of ±i/2 reduce the Bethe eigenstates to null states, making the eigenvalue equation trivial. Therefore, there is no reason to solve the Bethe ansatz equations, thus obtained, for the singular solutions, which contain ±i/2. Moreover, imposing regularization after solving the Bethe ansatz equations suffers from the following pathologies: firstly, it produces many unphysical solutions (i.e. the solutions which do not produce the Bethe eigenstates or their corresponding eigenvalues) apart from the physical solutions in the process. Secondly, for the spin-1/2 XXX chain, there are some solutions which are distinct and self-conjugate, still unphysical and therefore violate the conditions [8] that the distinct and self-conjugate solutions produce Bethe eigenstates.
The purpose of this paper is to propose a set of equations, whose solutions are the singular Bethe roots, by introducing a regularization scheme so that the above mentioned two pathologies do not occur at all. We obtain these set of equations by taking the limit of the action of the transfer matrix on the Bethe states such that both sides are finite and well-defined in the limit that the regularization parameter vanishes. The distinct and self-conjugate solutions in our method are indeed in agreement with ref. [8] and produce the Bethe eigenstates for the singular solutions and their corresponding eigenvalues. For an even length spin-1/2 XXX chain, we show that the singular solutions are invariant under the change of sign of each of the rapidities in a set of singular solution, i.e. {λ α } = {−λ α }. It justifies the assumption that the sum of the rapidities of a singular solution for an even length spin-1/2 chain vanishes, which we employed in our previous work [13] on non self-conjugate strings, singular strings and rigged configurations [33] [34] [35] [36] [37] [38] in the spin-1/2 XXX chain. We analytically show that the singular solutions {λ 1 = i/2, λ 2 = −i/2, λ 3 = ± √ 3/2} are present for any odd-length of the form of N = 3 (2k + 1) with k = 1, 2, 3, · · · . The repetition of these singular solutions with periodicity of 6 in N has been confirmed numerically in [12] for some values of the length of the spin chain. We also provide a graphical method to search for any singular solutions present, if at all, for the M = 4 sector in some finite odd-length spin chains.
We organize this paper in the following fashion: In the next section, we discuss briefly the algebraic Bethe ansatz method for the spin-1/2 XXX chain, which sets the basis for the next section. In section III, we present the regularization scheme for the singular solutions and obtain a set of equations with distinct and self-conjugate singular solutions. We also obtain the eigenvalue equation for the transfer matrix for the singular solutions. In section IV we show that the singular solutions for the even-length spin-1/2 XXX chain are symmetrically distributed in the complex plane of rapidities, i.e. {λ α } = {−λ α }. The expressions of the two down-spin and the three down-spin singular Bethe states for even N have also been obtained with a derivation in Appendix A and B, respectively. In section V it is analytically shown that there exist singular solutions of the form {λ 1 = i/2, λ 2 = −i/2, λ 3 = ± √ 3/2} in any odd-length of the form N = 3 (2k + 1) with k = 1, 2, 3, · · · , which is derived in Appendix C. A graphical method is also suggested for the odd N cases to search for any possible singular solutions in the M = 4 down-spin sector and we show that for N = 15, M = 4 there is no singular solutions. Finally we conclude in section VI.
II. ALGEBRAIC BETHE ANSATZ
The spin-1/2 XXX chain on an one-dimensional periodic lattice of length N is given by the Hamiltonian
where J is the coupling constant and S j i (j = x, y, z) is the spin-1/2 operator at the i-th lattice site and in j-direction. The eigenstates and eigenvalues of this Hamiltonian can be obtained in the algebraic Bethe ansatz formulation in the following way. Let us consider the Lax operator as
where
and each element of L γ (λ) is a matrix of dimension 2 N × 2 N , which acts nontrivially on the γ-th lattice site. The monodromy matrix, T (λ), is then given by the direct product of the Lax matrices at each site
The Hamiltonian (1) can be obtained from the transfer matrix
by taking its logarithm at λ = i/2 as
In terms of the rapidities λ α , the Bethe state in the M down-spin sector is expressed as
where |Ω is the reference eigenstate with all spins up and B(λ α ) is an element of the monodromy matrix T (λ α ) obtained from eq. (3). The Bethe state (6) can explicitly be written as [39] 
where P are elements of the permutation group S M of M numbers and H(x) is the Heaviside step function H(x) = 1 for x > 0 and H(x) = 0 for x ≤ 0. The action of the transfer matrix (4) on the Bethe state (6) is given by
is the eigenvalue of the transfer matrix and the unwanted terms are
Note that (8) becomes an eigenvalue equation when the unwanted terms (10) vanish, which give us the well known Bethe ansatz equations
In terms of solutions λ α of (11), known as the Bethe roots, the eigenvalue of the Hamiltonian H for the M down-spin state is expressed as
To characterize the state in terms of the Bethe quantum numbers, {J α , α = 1, 2, · · · , M }, one takes the logarithm of eq. (11) as
The Bethe quantum numbers take integral (half integral) values if N − M is odd (even) respectively. J α are in general repetitive and therefore are not much useful to count the total number of states of a spin chain. However, strictly non-repetitive quantum numbers can also be obtained. According to the string hypothesis, the rapidities for the M down spin sector are typically arranged in a set of strings as,
where the string center λ j α for a length j-string is real, α represents the number of j-strings M j and the string deviations are given by ∆ j αa . In the limit that the deviations vanishes, ∆ j αa → 0, equations (11) reduce to the Bethe-Takahashi equations arctan 2λ
where M k is the number of k-strings present in a state such that k kM k = M . The Bethe-Takahashi quantum numbers, I j α , which are strictly non-repetitive, are then given by
III. REGULARIZATION FOR THE SINGULAR SOLUTIONS
As mentioned in the introduction, the singular sets of rapidities make the eigenvalues and the eigenvectors illdefined. It is manifest from the expression that the Bethe eigenstate (7) vanishes and the eigenvalue equation (12) diverges. By considering typical singular solutions for the M down spins as,
it can be easily seen that the presence of ±i/2 in the singular solutions are responsible for the pathology in the expression of the Bethe eigenstate and the eigenvalue. To handle this situation we consider the following regularizatioñ
where a is a complex parameter and is a complex parameter, whose → 0 limit gives the singular solutions. A rescaling of by a reduces eq. (18) to the one considered in [31] .
To obtain the conditions for {λ 3 , λ 4 , · · · , λ M }, let us construct a well-defined Bethe state with M rapidities
Action of t(λ) on (19) in → 0 limit is given by
is the eigenvalue of the transfer matrix for the singular solutions and the unwanted terms are
Here we remark that both sides of (20) have finite and well-defined limit and most importantly the Bethe eigenstate is finite in the limit and now not a null state. Note that (20) becomes the eigenvalue equation corresponding to the singular solutions if the unwanted terms (22) vanish, i.e. in the → 0 limit we have the following equations
Equating the two expressions (23) and (24) we obtain a set of equations, which we call the Bethe ansatz equations for the singular solutions, as
The distinct and self-conjugate solutions of eqs (26) - (27) produce the well-defined Bethe eigenstates and the eigenvalues for the transfer matrix and for the Hamiltonian H. They are in agreement with the statement in [8] that the distinct and self-conjugate solutions of the Bethe equations are physical solutions. As evident from eq (23)- (24), the parameter a is a function of the rapidities {λ α , α = 3, 4, · · · , M }, in general. To obtain the singular states for M down-spins we have to useλ
in the Bethe state (19) and take an appropriate limit
The eigenvalue of the Hamiltonian H for the singular solutions {i/2, −i/2, λ 3 , λ 4 , · · · , λ M } can be obtained from the eigenvalue of the transfer matrix for the singular solutions (21) as [40] 
Numerically the even length spin-1/2 chain has been investigated for some finite values of the length N [11, 12] . It has been observed that for the singular solutions the rapidities are distributed symmetrically. Based on this observation, we in our previous work [13] , assumed that the sum of the rapidities vanishes. Here, we investigate the validity of this assumption as well as the singular solutions in general. To start with, let us consider the lowest down spin sector for singular solution to exist, i.e, M = 2. In this case eq. (28) reduces tõ
The Bethe eigenstate, in this case, takes a simple form [12, 15] (see Appendix A for the derivation)
with the eigenvalue E = −J. For the three down spin sector, M = 3, eq (26) reads as
whose only solution is λ 3 = 0 and it is also a solution of eq (27) , which means {λ 1 = i/2, λ 2 = −i/2, λ 3 = 0} is the only singular solution of the Bethe ansatz equations (26)- (27) . The regularization in this case becomes
The Bethe eigenstate, in this case, becomes (see Appendix B for the derivation)
with the eigenvalue E = −3J. Analytic calculation for M ≥ 4 becomes more difficult, but we can still proceed to find a symmetry, which the rapidities for the singular solutions follow. For general values of M eq. (26) reads as
If a set of rapidities satisfy the conditions
for even N , then they satisfy eq. (36) . Similarly, if a set of rapidities satisfy the conditions
for odd N , then they satisfy eq. (36) . It follows from the conditions (37) or (38) that the singular solutions {λ α } = {λ 1 , λ 2 , · · · , λ M } are invariant under the sign changes of each of their rapidities i.e. {λ α } = {−λ α }. It implies that the sum of rapidities of such a singular solution for even N vanishes [13] , i.e,
V. ODD LENGTH SPIN CHAIN Singular solutions for the odd length chain is not much discussed in the literature until very recently [31] . For two down-spins, M = 2, left hand side of eq. (26) is given by +1, while the right hand side is given by −1. The disagreement between both sides implies that there is no singular solution. For three down-spins, M = 3, we obtain from eq. (26)
whose solutions are λ 3 = ± √ 3/2. In order for them to become the Bethe roots they also have to satisfy (27) , which in this case becomes
In Appendix C we derive from (41) the following equation in a factorized form
for N satisfying
We see that λ 3 = ± √ 3/2 are indeed solutions of eq (42), provided the length N of the chain satisfies eq. (43). The regularization in this case becomesλ
where ± correspond to the regularization of the two roots λ 3 = ± √ 3/2 respectively. The Bethe eigenstates, in this case, become (the derivation is similar to the calculation in Appendix B)
with the eigenvalue E = −1.5J. In the four down-spin sector, it is more difficult to analytically search for any possible singular solutions. One possible method is to throughly look for all numerical roots of the spin-1/2 XXX chain, as done in [12] , who obtained no singular solutions for odd lengths up to N = 13. However, a more efficient way would be just to concentrate on singular solutions. Here we just plot the graph associated with the Bethe ansatz equations for the singular solutions and look for any possible intersections of the curves. As an example we consider the N = 15 case but it can also be extended to other values of N . There are two possible situations, either λ 3 and λ 4 are real or they are complex conjugate to each other. Let us first discuss the complex rapidity case. Replacing λ 3 = a + ib, λ 4 = a − ib in (26) we obtain
which is plotted in FIG 1. The other two equations (27) are just the complex conjugate to each other, so we equate the real part and the imaginary part of both the sides equations obtained from (27) are
where the real part of the first term cancels with the real part of the second term in the left hand side of both the above equations, while the imaginary part survives. So, in FIGs. 6 and 7 we plot eq. (50) and (51) 
VI. CONCLUSION
We have investigated the singular solutions, {i/2, −i/2, λ 3 , λ 4 , · · · , λ M }, of the spin-1/2 XXX chain. In the standard approach, the singular solutions do not belong to the solutions of the Bethe ansatz equations, since the Bethe eigenstates vanish and the eigenvalues diverge. If one only considers the Bethe ansatz equations, then in the pole free form they indeed produce many unphysical solutions apart from the physical singular solutions as shown in [12] . The Bethe ansatz equations are just the conditions to make unwanted terms vanish so that an well-defined eigenvalue equation can be achieved in the algebraic Bethe ansatz method. However, since for the singular rapidities the Bethe eigenstate (7) vanishes in the algebraic Bethe ansatz, it makes the eigenvalue equation trivial. Therefore, it is necessary to introduce the regularization scheme from the beginning and look for a well-defined Bethe eigenstate. Then evaluate the action of the transfer matrix on that eigenstate so that we can obtain conditions in the → 0 limit, which have well-defined meaning since the remaining part is now an eigenvalue equation.
Substituting regularized singular roots in the eigenvalue equation at the transfer matrix level we obtained a set of equations (26)- (27), which we call the Bethe ansatz equations for the singular solutions. In our approach, the distinct and self-conjugate solutions produce the well-defined Bethe eigenstates and the eigenvalues of the transfer matrix and the Hamiltonian respectively. It has been observed that the Bethe roots for the singular solutions are symmetrically distributed in the complex plane of rapidities, i.e. {λ α } = {−λ α } for an even length spin-1/2 XXX chain. We have analytically shown that in the three down spin sector of the odd length chain, there exist singular solutions for any finite length of the spin chain of the form of N = 3 (2k + 1) with k = 1, 2, 3, · · · . Searching for any possible singular solutions for the four down spin sector of an odd length chain is more difficult. But, we have shown with an example of N = 15 that it can be done easily by simply plotting the Bethe ansatz equations for the singular solutions and looking for any possible intersections of the three curves. For N = 15 case we found no singular solutions. Our approach can be tested for higher values of the length of the spin chain also.
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The present study is partially supported by Grant-in-Aid for Scientific Research No. 24540396. P. Giri acknowledges the financial support from JSPS. Here, up to a proportionality constant, we show eq. (32) with the help of eq. (7), (29) and (31) . Let us start with the definition of the singular Bethe state (29) for two down spins,
Substituting explicit expression for the two down spin Bethe eigenstate, obtained from (7), in the above equation, we obtain |i/2, −i/2 = −4 lim
where o( ) and h.o( ) are the order and higher oder terms respectively. Taking the → 0 limit in (A3) we observe that the first term survives for x 2 = x 1 + 1 and in second term survives for x 1 = 1, x 2 = N . Finally we obtain |i/2, −i/2 = 8(−1)
Appendix B: Three down-spin singular state for even N We now prove, up to a proportionality constant, eq. (45). Let us start with the definition of the singular Bethe eigenstate (29) for N even and three down spins |i/2, −i/2, 0 = lim
Substituting explicit form of eq. (7) and because the third rapidity of a singular solution for an even length chain vanishes, setting λ 3 = 0 in the above equation we obtain |i/2, −i/2, 0 = 8i lim
Replacing the explicit form (34) in eq. (B1) and expanding in powers we obtain
where h.o represents terms of order o( ) + h.o( ). Taking the → 0 limit in (B2) we see that the first term survives for x 2 = x 1 + 1, the second term survives for x 1 = 1, x 3 = N , the third term survives for x 3 = x 2 + 1 and the remaining last three terms vanish. We therefore obtain
Finally we obtain the simplified form of the singular state for three down spins 
The first term of eq. (C1) already has the desired factor λ 
where x C y is the binomial coefficient. Substituting the last expression of (C2) back in eq. (C1) we obtain eq. (42). In order to arrive at the last expression of (C2) we need a matching condition at the end of the series expansion, which 
= −3
To arrive at expression (C4) from (C3) we have used the relation 15.4.1 of [41] . Note that a or b of 2 F 1 (a, b, c, z) has to be negative in order to hold the relation. In our case since N ≥ 9 is odd, b = (1 − N )/2 is always a negative integer. To obtain (C5) from (C4) we have used the relation 15.1.19 of [41] . Eq. (C5) is satisfied when the length, N , of the spin chain is given by eq. (43).
